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Abstract
The subject of the work was the assessment of the safety margin of concrete cross-section subjected to shear. The assessment was 
performed with use of the assumptions and models taken from the two Polish standards: formerly valid PN-84/B-03264 and
currently valid PN-EN-1992-1-1:2008. The goal of the performed analysis was the assessment of the influence of the probability 
distribution type of the concrete strength on the level of the safety margin. Two types of concrete distribution was used: normal 
and lognormal. On the basis of the results it was stated that values of partial security exponent ΔR show clear differences in the 
level of safety margin due to the distribution of strength of concrete only for models of shear resistance due to the concrete 
tension and that the distribution type of concrete strength affects the skewness of the shear resistance distribution in most cases.
© 2016 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the organizing committee of the XXV Polish – Russian – Slovak Seminar “Theoretical 
Foundation of Civil Engineering”.
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1. Introduction
Probabilistic analysis of structures has not only its history but also future. It is wider and wider used not only in 
order to assess the safety margin of existing structures but also to design the structures with the assumed, certain 
level of reliability [1,2]. If the safety level of concrete cross-sections subjected to shear is concerned there are not 
many examples of such analyzes. Some attempts to analyze probabilistic shear capacity were undertaken in [3]. This 
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work is intended to fill some of the white spots in probabilistic analyzes of concrete cross-sections subjected to 
shear.
There are many models of the shear resistance in the literature. Some of them are described in [4,5]. It was 
impossible to analyse all or even the most of them in this work so it was decided that only models from two Polish 
standards, as the practically used ones, will be the subject of the performed analyzes. The selected models and the 
assumption were taken from the formerly valid standard PN-84/B-03264 and currently valid PN-EN-1992-1-1:2008.
These two standard were chosen because of the fundamental differences between the models included. The models 
in both standard were based on different assumptions. Models from PN-84/B-03264 is based on the research 
of Borishanskii [6]. He has proposed the model of destruction of the concrete element subjected to shear which 
assumed rotation of two parts of the element split by a diagonal crack around the end point of the crack. The detailed 
description of the model can be found in [4,5,7]. In contrast, the models included in PN-EN-1992-1-1:2008 were
based on the modified Kupfer [8] truss analogy which was originally developed by Mörsch [9].
For the purpose of the work an original computer programme was developed to perform Monte Carlo simulations
calculations of the shear resistance. Results of simulations were statistically analysed to investigate the influence of 
the type of distribution of concrete strength on the level of safety margin and on the form of the resulting shear 
resistance distribution. Due to the complexity of the issues related to shear models, this study is limited to 
consideration of shear resistance of rectangular cross-section due to the compressive and tensile strength of concrete 
without taking into account the participation of the reinforcement in the form of stirrups.
2. Analyzed models of shear resistance
2.1. General description and assumptions
Since in the considered models the same parameters are marked with different symbols the formulas describing 
models of PN-84/B-03264 were transformed by replacing the original symbols with corresponding markings from 
the PN-EN-1992-1-1:2008. In the formulas of shear resistance models some assumptions were also included to
limiting the scope of the analysis and the number of possible variants of the models. It was assumed that calculated 
analyzed cross-section of a beam is rectangular and the element is loaded and supported directly with no normal 
forces occurring. The beam is made of concrete which characteristic compressive strength fck is less than 60 MPa 
and at least 50% of the tensile reinforcement required at mid-span continue past the near face of the support. The 
following models have been formulated in the form which takes into account the above assumptions.
2.2. Models in PN-84/B-03264
Models of the shear resistance contained in PN-84/B-03264 are described in [7,10]. The Qmax force, which is the 
ultimate shear force due to the compression of concrete, can be calculated using formula (1):
dbf0.25Q cmax ⋅⋅⋅= (1)
where fc is the compression strength of concrete, b is the width of the cross-section and d is its effective depth.
The Qmin force, which is the ultimate shear force due to the concrete tension, can be calculated using formula (2):
dbf0.75Q ctmin ⋅⋅⋅=                           (2)
where fct is the concrete tensile strength and the other symbols as in formula (1).
2.3. Models in PN-EN-1992-1-1:2008
Models of the shear resistance included in PN-EN-1992-1-1:2008 are described in [11]. After taking into account 
the assumptions the ultimate shear force which can bear a non-reinforced concrete element due to the ultimate 
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tensile strain in concrete (VR,c) can be calculated using formula (3):
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where b is the minimum width of the cross-section, AsL is a cross-section area of the tensile reinforcement of the 
which continue past the calculated cross-section on distance at least d + lbd (where lbd is the effective anchorage 
length of reinforcement) and other symbols as in formula (2). Coefficient k is calculated using formula (4):
d
200
1k += (d in mm)             (4)
The ultimate shear force (VRd,max) which induces ultimate limit state in struts of concrete truss in element with 
vertical stirrups can be calculated using formula (5):
θ
θ
2cmaxR, cot1
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dbf0.54V
+
⋅⋅⋅⋅=             (5)
where θ is the inclination of concrete compression struts (value of cotθ can range from 1 to 2.5).
3. Simulation software
The original computer program developed by R. Jaskulski was used to perform simulations and to initially 
analyze their results. It was largely based on the software algorithms developed for the purposes of the research 
presented in [1]. The procedures generating random values of normal and lognormal distribution were based on the 
uniform pseudo-random number generator which is a built-in function of the Pascal programming language.
One of the program features is also calculating of the probability pf of obtaining a value of shear resistance R
which is smaller than the design value o the resistance Rd. The probability is calculated as an integral (6) of the NG 
distribution function (this distribution is described in [12]) of the standardized variable t.
∫
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where fNG is the function of NG distribution and t is the standardized random variable. The coefficient of skewness 
of the NG distribution, which is an independent variable, is assumed on the basis of statistical analysis of obtained 
distribution of shear resistance. To calculate the probability the reliability index βR (7) is used
R
dm
R S
RR
ȕ
−
= (7)
in which Rm is the mean value of the shear resistance values obtained from simulations, Rd is the design value 
of shear resistance (calculated for design and nominal values of variables) and SR is the standard deviation 
of the obtained distribution of the shear resistance.
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Other assumptions
Random variables in analyzed model were divided into two groups: core variables and auxiliary variables. The 
core variables were compression fc and tensile fcm strength of concrete, cross-section area AsL of the longitudinal 
reinforcement and the inclination θ of concrete compression struts (expressed as cotθ). In case of core variables two 
variants of the random variable distribution parameters were assumed (with exception of cotθ which was assumed as 
a deterministic variable with two values). In case of the auxiliary variables, which were width d and depth b
of concrete cross-section and thickness of concrete cover a1 only one set of the distribution parameters were 
assumed. According to JCSS guidelines [13] random dimension variables can be defined on the basis on their 
nominal values using formula (8):
Δ+= nomXX (8)
where X is the mean value of the dimensional random variable, Xnom is its nominal value and Δ is a random variable 
describing the deviation of the actual value of the variable from its nominal value. According to [14] and [13] the 
mean value and the standard deviation of variable Δ can be calculated using formulas (9) and (10):
mm3003.0 ≤⋅=Δ nomm X (9)
mm10006.0mm4 ≤⋅+=Δ nomXσ (10)
Assumed parameters of the random distributions of auxiliary variables are presented in Table 1. For concrete cover 
a1 the parameters were assumed as in [1].
Table 1. Distribution parameters of random auxiliary variables
Parameter Xnom xm StD* CoV** Distribution
width of the cross-section b [mm] 300 300.9 5.8 1.93% Normal 
depth of the cross-section h [mm] 600 601.8 7.6 1.26% Normal
concrete cover a1 [mm] 50 50 3 6.00% Normal
*) standard deviation; **) coefficient of variation
Four sets of random variable distribution parameters were assumed for concrete compression and tensile strength.
Two for concrete class C 16/20 and two for C 40/50. The parameters for each class of concrete differed also due to
the assumed value of the coefficient of variation (CoV) which were 4% or 16% for C 16/20 and 4% or 15,3% for 
C 40/50. Subsequently, in order to obtain the same characteristic value of concrete compression strength fck, which is 
used to define the concrete class, two mean values of concrete strengths had to be assumed for each concrete class.
To determine values of random variable distribution parameters of concrete tensile strength the results and 
functional dependencies presented in [15] were used. To calculate the mean value of concrete tensile strength fctm
formula (11) was used
3 2219.0 cmctm ff ⋅= (11)
where fcm is the mean value of compression strength for the same class of concrete. The values of coefficient of 
variation for concrete tensile strength were assumed to be 6% and 19%. The longitudinal reinforcement cross-
section area was AsLm = 16.5 cm
2 which corresponds to reinforcement ratio 1%. The assumed coefficient of 
variation in this case was equal 3%. Simulations were performed with the assumption that the reinforcement does 
not fulfill requirements of proper anchorage. In these cases the cross-section area of reinforcement in the 
calculations was equal zero. Distribution parameters of random core variables and values of the deterministic core 
variables are presented in Table 2.
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       Table 2. Distribution parameters of random core variables and values of the deterministic core variables
Variant Parameter xnom xm StD* CoV** Distribution
C 16/20 S concrete compression strength fc [MPa] 10.8 21.30 0.85 4.0% Normal/
LognormalC 40/50 S 26.7 53.20 2.13 4.0%
C 16/20 H 10.8 26.20 4.19 16.0%
C 40/50 H 26.7 65.50 10.05 15.3%
C 16/20 S concrete tensile strength fct [MPa] 0.87 1.68 0.101 6.0% Normal/
LognormalC 40/50 S 1.67 3.10 0.186 6.0%
C 16/20 H 0.87 1.93 0.367 19.0%
C 40/50 H 1.67 3.56 0.676 19.0%
A0 cross-section area of longitudinal steel AsL [cm2] 0 --- --- --- Normal
A1 16.5 16.5 0.495 3.0%
T1 cot θ [-] 1 --- --- --- ---
T2 2 --- --- ---
C 16/20 characteristic concrete compression strength fck [MPa] 16 --- --- --- ---
C 40/50 40 --- --- ---
*) standard deviation; **) coefficient of variation
For all random variables normal distribution was assumed as default. For concrete compression and tensile 
strength lognormal distribution was additionally assumed. The number of data variants for analyzed models ranged 
from 4 to 16. For each variant 5 independent simulations were performed each of 2,000,000 draws. The further 
presented results are the average from the five simulation. Detailed results of each simulations can be found in [16].
4. Analysis of the results
4.1. General remarks
Two parameters of the resultant distribution of shear resistance were analyzed: coefficient o skewness and level 
of the safety margin expressed as a value of partial security exponent ΔR calculated from formula (12):
( )[ ]dfR RRp ≤−=Δ log           (12)
So defined measure of security the level of safety margin is very useful and convenient to use. An alternative is to 
use the probability pf values, which is not practical, since the results obtained can differ up to several orders of 
magnitude. This makes it difficult to compare them directly. In contrast, the most commonly used reliability index
βR has the disadvantage that it does not allow to take into account the influence of skewness of the distribution on 
the safety margin level. Sometimes this can result in its false estimate.
4.2. Coefficient of skewness
The values of coefficient of skewness aR obtained from simulations in case of models of shear resistance due to 
concrete tension are presented in Table 3. To differentiate the variants with and without taking into account 
cooperation of the longitudinal reinforcement of the element the first one was additionally marked with symbol „A0” 
and the second one with „A1”. The type of the assumed concrete strength distribution was denoted with „N” for 
normal distribution and with „LN” for lognormal distribution.
Analysis of the values of coefficient of variation showed that resultant distributions of shear resistance Qmin
obtained with use of normal distribution of the concrete strength have very low values of coefficient of skewness. 
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They are about 0.05 for the concrete class C 16/20 and about 0.02 in case of the concrete class C 40/50. The values 
of the coefficient of skewness significantly increased when the lognormal distribution of the concrete strength was 
assumed. In these cases the much higher increase was observed for the concrete class C 40/50 when the coefficient 
of skewness equaled 0.55. For the concrete class C 16/20 it was much lower and equaled 0.19.
Table 3. Values of coefficient of skewness aR of the shear resistance distribution 
(shear resistance due to concrete tension)
Variant CoV 
fc (fct)
Qmin VR,c (A0) VR,c (A1)
N LN N LN N LN
C 16/20 S 4% (6%) 0.05 0.19 0.04 0.07 0.01 0.04
C 16/20 H 16% (19%) 0.05 0.19 0.04 0.07 0.01 0.04
C 40/50 S 4% (6%) 0.02 0.55 -0.18 0.24 -0.27 0.16
C 40/50 H 15,3% (19%) 0.02 0.55 -0.17 0.23 -0.26 0.15
Different trends shows the coefficient of skewness in case of shear resistance VR,c. For concrete class C 16/20 the 
values of the coefficient of skewness regardless of the assumed distribution are very low, ranging from 0.01 to 0.07. 
However, in the case of concrete class C 40/50 assuming normal distribution of concrete strength the coefficients of 
skewness take negative values of about -0.18 (variant A0) to about -0.27 (variant A1). Assuming lognormal 
distribution results in the increase of the coefficient of skewness from 0.15 to 0.24 respectively for variants A1 and 
A0. 
The values of the coefficient of skewness aR for models of shear resistance due to the compressive strength of 
concrete are presented in Table 12. Additional indications "T1" and "T2" were used to distinguish between the 
variants in which cotș = 1 (T1) and cotș = 2 (T2). The type of the assumed concrete strength distribution was 
denoted with „N” for normal distribution and with „LN” for lognormal distribution. 
Table 4. Values of coefficient of skewness aR of the shear resistance distribution 
(shear resistance due to concrete compression)
Concrete 
class
CoV 
fc
Qmax VR,max (T1) VR,max (T2)
N LN N LN N LN
C 16/20 S 4% 0.06 0.13 0.06 0.13 0.06 0.13
C 16/20 H 16% 0.06 0.13 0.06 0.13 0.06 0.13
C 40/50 S 4% 0.02 0.47 0.02 0.46 0.02 0.47
C 40/50 H 15,3% 0.02 0.45 0.02 0.45 0.02 0.45
Analysis of the calculated values of the coefficient of skewness showed no significant differences between the 
analyzed models. Identified trends in both cases are very similar to those described for the model Qmin.
4.3. Safety margin
Values of  the partial security exponent ΔR calculated for the models of shear resistance due to concrete tension 
are given in Table 5. The same symbols to mark different variants of calculations were used as in Table 3. Analysis 
of calculated values partial security exponent showed that the analyzed models provide a different level of safety 
margin, and their sensitivity to the distribution type of concrete strength is evident only in the case of concrete with a 
high value of coefficient of variation of its strength. The least impact can be observed in the case of the shear 
strength Qmin. Changing the type of distribution strength of the concrete changes the value of the partial security 
exponent by about 10 %. In the case of the model VR,c, for which the values of ΔR are clearly higher, these changes 
ranged from 230 % (for C 16/20 concrete class and variant A0) to 290 % (for concrete class C 40/50 and variant 
A1).
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Table 5. Values of the partial security exponent ΔR (shear resistance due to concrete tension)
Concrete 
class
CoV 
fc (fct)
Qmin VR,c (A0) VR,c (A1)
N LN N N LN N
C 16/20 S 4% (6%) 12.6 12.7 45.5 45.5 87.3 87.3
C 16/20 H 16% (19%) 2.7 3.0 3.8 8.7 5.0 14.1
C 40/50 S 4% (6%) 11.6 11.7 56.1 56.1 86.5 87.0
C 40/50 H 15,3% (19%) 2.6 2.9 4.3 10.9 5.2 15.1
The values of a partial security exponent ΔR calculated for the models of shear resistance due to concrete 
compression are given in Table 6. To distinguish different variants of calculations the same symbols were used as in 
Table 4. Analysis showed complete compliance of levels of safety margin determined using both models. The 
difference resulting from the assumption of different distribution type of the concrete strength was about 5 % in the 
case of high value of the coefficient of variation of concrete strength regardless of its class and the shear resistance 
model.
Table 6. Values of the partial security exponent ΔR (shear resistance due to concrete compression)
Concrete 
class
CoV 
fc
Qmax VR,max (T1) VR,max (T2)
N LN N LN N LN
C 16/20 S 4% 24.8 24.9 24.8 24.9 24.8 24.9
C 16/20 H 16% 3.9 4.1 3.9 4.1 3.9 4.1
C 40/50 S 4% 25.3 25.3 25.3 25.3 25.3 25.3
C 40/50 H 15,3% 4.2 4.4 4.2 4.4 4.2 4.4
It is noteworthy that in both cases assuming extreme values of the coefficient of variation of concrete strength led 
to very large differences in the estimated level of safety margin. A fourfold increase in the coefficient of variation 
resulted in at least a six-fold decrease in the value of the partial safety exponent, which means that the probability pf
increased 106 times (sic!). It should be noted, however, that the very high values of partial security exponent 
obtained from simulations by the number of draws equal to 2,000,000 should be considered as calculated with a very 
big margin of error. Therefore, the only reliable conclusions regarding the safety margin in these cases may be 
purely qualitative rather than quantitative.
5. Conclusions
The calculations and analysis of the results allowed to draw the following conclusions.
1. Values of partial security exponent ΔR show clear differences in the level of safety margin due to the 
distribution of strength of concrete only for models of shear resistance due to the concrete tension. The variation is 
only visible in case of high assumed value of the coefficient of variation of concrete strength regardless of its class.
The smallest difference was observed in the case of shear resistance Qmin (10%) and the highest in the case of shear 
resistance VR,c (almost 3 times).
2. Analysis of the coefficients of skewness leads to the conclusion that the distribution type of concrete strength 
affects the skewness of the shear resistance distribution in most cases. Analyzed calculation results can be divided 
into three groups for which:
a) the influence of the assumed type of concrete strength distribution is insignificant - shear resistance VR,c and 
concrete class C16/20 (increase from 0.01 to 0.04 and from 0.04 to 0.07),
b) assumption of lognormal distribution of concrete strength causes moderate increase of skewness - shear 
resistances Qmin, Qmax, VR,max and concrete class C16/20 (increase from 0.06 to 0.13 and from 0.05 to 0.19),
c) assumption of lognormal distribution of concrete strength causes large increase of skewness - shear resistances
Qmin, Qmax, VR,max and concrete class C40/50 (increase from 0.02 to 0.45-0.55) or its change from negative to 
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positive values - shear resistance VR,c and concrete class C40/50 (increase from -0.18 to 0.24 and from -0.27 to 
0.16).
It should also be stated that conducted analysis does not allow to evaluate the overall level of safety margin and 
the probability of failure of the element due to exceeding its shear force resistance. This issue may be the subject of 
further research and analysis covering distribution of the reliability function Z = R – S.
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